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Five Discussions on Probability: Basic to Advanced



Teaching Outline (perhaps out of order!)

e Getting Started - Review & More!
— Basic Probability
— Discrete Distribution Formulas
— Binomial, Poisson, etc.
— Independence v. Dependence
— Limits: Stirling’s Formula
— Counting: Binomial Coefficients
— Taylor’s Theorem & Taylor Series
— "Big Oh” and ”Little oh” Notation
e Modelling
— Random Walks
— Urn Models
— Markov Chains:
x Basic Description
* Transience v. Recurrence
* Absorption v. Stationarity
— Matrices:
* Multiplication
x Eigenvalues & Eigenvectors

x Applications



Definitions

e Sample Space §: Collection of Outcomes
e Outcome x: Result of An Experiment
e Event A: Any portion of the sample space
e Random Variable X: A function that randomly produces one of out of a set of
numbers following a well-defined rule.
e Probability P: A rule that assigns a numeric value (between 0 and 1) to every
event in a sample space.
— P is an area function in ”space” whose total area is 1.
-0<PA) <1
— P(AUuB)=P(A)+ P(B)— P(ANB)
— P(A9)=1—- P(A)



Discrete Distributions

e Discrete Random Variable X only takes on a finite (or countably infinite) set
of values.
e This allows for a sum rather than an integral.
e Fach outcome z is assigned a value 0 < p(z) < 1 so that > p(xz) = 1.
e Calculation Issues:
— Determining the Exact Probabilities in Known Situations
— Single (Density) v. Cumulative (Distribution) Probabilities
— Difficult as N increases.
— Determine Limits and Approximation Methods
e Application Issues:
— When is a certain type distribution applicable?
— What are each types special features?
e Numeric Results
— Most probable outcome(s).
— Finding the Expected Value (or Mean Value) E(X) = pu
— Determining the Variance Var(X) = 02 and Standard Deviation o.

— Formulas:

B(X) = Y z-pla)
Var(X) = B(X?) = [BX)] = (Yo% pla)) - 2



Bernoulli Distribution

e Situation: Yes/No

e Parameters: p=Yes, ¢ = 1 — p=No

e Outcomes: X=0or 1

e Formula: P(X =1)=p, P(X=0)=1—p
e Mean: u=p

e Variance: 0% = p(1 — p) = pq, 0 = VPq < %

Binomial Distribution

e Situation: Fixed Number of Independent Yes/No Trials
e Parameters: n Trials, p=Yes
e Outcomes: X =0,1,...,n—1,n

e Formula: P(X =k) = (Z)pkqn—k

e Calculation Formula: P(X =k+1) = P(X =k) - (n—k)p
e Mean: ;1 = np
e Variance: o2 = npq, o = \/n_pq

e Largest Probability: The smallest value of k so that £k > np — ¢

Poisson Distribution

e Situation: Counting Events in a Fixed Amount of Time (or Space)
e Parameter: Mean Number of Events A

e (Infinite) Outcomes: X =0,1,2,...

e Formula: P(X =k) = 2—?6_)‘

e Calculation Formula: P(X = k+1) = P(X = k) - 225

e Variance: 02 =\, 0 = VA

e Largest Probability™: The largest value of & < .



Geometric Distribution

e Situation: Counting Attempts Until (and Including) a Success
e Parameter: Success Probability p

e (Infinite) Outcomes: X =1,2,...

e Formula: P(X =k)=p-¢"!

e Formula #2: P(X > k) = ¢*!

e Calculation Formula: P(X =k+1)=P(X =k)-q

1

e Mean: p = ;

q —
7 7=

e Largest Probability: X =1

e Variance o2 =

=[S

Negative Binomial Distribution

e Situation: Count Attempts Until (and Including) a fixed Number of Successes
e Parameters: Success Probability p, Number of Successes r

e (Infinite) Outcomes: X =r,r+ 1,7+ 2,...

o Formula: P(X =k) = (*7))p'¢" "

e Calculation Formula: P(X =k+1) = P(X = k) - —4

e Mean: u =

LS

e Variance: o* = ;—3, o=

vrd
p

e Largest Probability: The smallest allowed £ so that k > %



Uniform Distribution

e Situation: Pick From a Set of Consecutive Integers
e Parameter: Lowest and Highest integers a, b

e Outcomes: X =a,a+1,a+2,...,b—2,b—1,b

e Formula: P(X =k) = m
o Mean: p = C%b
o Variance: ({=etl*=!
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e No Largest Probability

Hypergeometric Distribution

e Situation: Sampling a Fixed Number of Items For Success from a Larger Finite
Population
e Parameters: Population Size N, Sample size n, Successful Items in Population
M
e Outcomes™ X =0,1,...n
() Ci)
e Formula: P(X =k) = o

(n
e Calculation Formula?: P(X =k+1) = P(X =k) - (M —k)(n—Fk)

e Mean: p = " (Same as binomial)

e Variance: o2 = n% (1 — %) %:711 (: npqu\\;:rlz)

e Largest Probability?



Multinomial Distribution

e Situation: Tracking More Than Two Outcomes Simultaneously
e Parameters: Number of Attempts n, probabilities p;, > p; =1
e Outcomes: (X1, Xo, X3,...) = (k1, ko, ks3,...) DY ki=n

e Formula: P(X = E) =(, .t )p]flpgng"* >

klak27k37"'

n!

e Multinomial Coefficient: (, ks ) = LT

e Mean: p; = np;
e Variance: o7 = np;(1 — p;)

e Largest Probability: Near ki = npi, ks = npo, ks = nps, etc.

Normal Distribution

e [t’s a Continuous Distribution
e Situation: Commonly Occurs and Is A Limit of Discrete Distributions (CLT)
e Parameters: Mean i and Standard Deviation o

e Formula: Look Up In A Table (, Calculator or Computer)

e Conversions: Standard Normal (=0, 0 = 1) uses Z = X;“

e Largest (Local) Probability: At The Mean pu



Binomial Coefficients

e What They Mean? (Z) "n Choose k”: Counting Subsets of a Larger Set
e Binomial Theorem (1 + )" = >_, (})z"

e Binomial Series (1 + )P = > ;7 (7)2"

e Basic Definition (Don’t Use If Possible!): (}) = ﬁlk),

e Simple Situations: (3) = (Z) =1, ()=n

e Extended Definition: (p not integer) (7) = p(pfl)"];:(!p*kﬂ)

Binomial Identities

e Can you prove the following identities?
* (1) ="

S () -

o > i o(=1)F(}) =0 (Even if k is odd)

o> 1 02%(}) = 3" (Even if k is odd)

e Recurrence Relation #1: (Z) = (”;1) + (Zj)

e Recurrence Relation #2: (Z) = (kT_Ll) : n_ZH

e Recurrence Relation #3: (1) = (".') - =%

Counting Candy

e Number of subsets from n items: 2"

n+k—1)

e Number of k-subsets from n types with repetition: ( .
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Independence v. Dependence

e Does Knowledge About One Event A (or variable X) Affect the Probability of
Event B (or variable Y)?
e Conditional Probability Notation P(A|B) ”probability of A assuming that B
is known”.
e Formulas:
— Area (Dartboard) Analogy
— Division: P(A|B) = Pz(;ég?)
— Multiplication: P(AN B) = P(A|B)P(B)

— Generally P(A|B) # P(A)
e Independence
— Basic Idea: Knowledge Has No Effect
— Precise Definition: P(A|B) = P(A)
— Multiplication Formula P(AN B) = P(A) - P(B)
e Collections of Random Variables
—XandY,Sum S=X+Y
— Always: E(X+Y)=FE(X)+ E(Y)
— If X, Y Independent, Var(X +Y) = Var(X) + Var(Y)
— X,Y assumed Independent and Identical: Binomial, Negative Binomial,
Poisson?
— X, Y Identical but not Dependent: Hypergeometric
— n Identical, Independent X;: E(S) = nE(X), Var(S) = nVar(X)
— Dependent: Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)
— Covariance: Cov(X,Y) = E(XY) — E(X)E(Y)

— Inequality: |Cov(X,Y)| < /Var(X)Var(Y)
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Taylor Series for f(x)

e Method of approximating a function f(z) near a known value x,.
e First order approximation (basic calculus): f(z) = f(zo) + f'(zo)(x — o)

e Higher Approximations: f(x) = f(zo)+ f'(x0)(z — x0) + %(w — o) 4 =

S0 o Lo (o) (a — @)™

e In practice: One through Three Derivatives.

e Warnings:

F4 (@)

— Not Exact. Error: E ~ K|x — x| where K is derived from R

— Requires Nice (Continuous) Derivatives For f(x).
e Examples:

—Vitz=1+4x—ga® + ad---

—e$:1+x+%x2+%az3+---

—In(l+z)=2—32° + 323+ -

Big-Oh & Little-oh Notation
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Stirling’s Formula

e Method of Approximating n! for Large N by a Simpler Expression.
e Method:
— Take Logarithms: Inn!=>")_Inn
— Approximate by Integrals: [['Inz dz <> ;_ Inn < f;ﬂ Inz dx
—nlnn—n+1<lnn!<(n+1)nn+1)—(n+1)+2—-2In2

—e ()" <nl< g ()"

— Stirling’s Formula: |n! = v/27mn (%)n

Binomial Approximations

Models: Walks & Urns

Generating Function Methods




Markov Chain Methods
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